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a b s t r a c t
König, Larson and Yoshinobu initiated the study of principles for guessing generalized
clubs, and introduced a construction of a higher Souslin tree from the strong guessing
principle.
Complementary to the author’s work on the validity of diamond and non-saturation
at the successor of singulars, we deal here with a successor of regulars. It is established
that even the non-strong guessing principle entails non-saturation, and that, assuming
the necessary cardinal arithmetic configuration, entails a diamond-type principle which
suffices for the construction of a higher Souslin tree.
We also establish the consistency of GCH with the failure of the weakest form of
generalized club guessing. This, in particular, settles a question from the original paper.
© 2011 Elsevier B.V. All rights reserved.
1. Background
Given a regular cardinal λ, and a stationary subset S ⊆ λ, Jensen’s diamond principle ♦S asserts the existence of a
sequence ⟨Aδ | δ ∈ S⟩ such that {δ ∈ S | A ∩ δ = Aδ} is stationary for every A ⊆ λ. Jensen discovered this principle
in the course of establishing the existence of a Souslin tree in Gödel’s constructible universe. He proved:
Theorem 1.1 (Jensen, [7]). If λ = λ<λ is a regular cardinal for which ♦Eλ+λ holds, then there exists a λ-complete λ
+-Souslin
tree.1
A famous, long-standing, open problem is whether GCH entails the existence of an ℵ2-Souslin tree. As GCH is consistent
together with the failure of ♦
E
ℵ2ℵ1
(see [8]), throughout the years, weakenings of the diamond principle has been suggested
and studied. Here is one. Given regular cardinals κ < λ, and a stationary set S ⊆ Eλκ , Shelah’s club guessing principle asserts
the existence of a sequence ⟨Cδ | δ ∈ S⟩ satisfying:
1. for every δ ∈ S, Cδ is a club subset of δ;
2. {δ ∈ S | Cδ ⊆ D} is stationary for every club D ⊆ λ.
Clearly,♦S entails the existence of a guessing sequence as above, but Shelah [13] proved that if κ+ < λ, then the existence
of such a sequence is provable just in ZFC. As for the remaining case of λ = κ+, he obtained the following approximation.
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1 Here, Eλκ := {δ < λ | cf(δ) = κ}; For the definition of a Souslin tree, etc’, see the end of this section.
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Theorem 1.2 (Shelah, [13]). Suppose that λ is a regular uncountable cardinal, and S ⊆ Eλ+λ is stationary. Then there exists a
sequence ⟨Cδ | δ ∈ S⟩ satisfying:
1. for every δ ∈ S, Cδ is a club in δ of order-type λ;
2. {δ ∈ S | sup(Cδ ∩ D ∩ Eλ+λ ) = δ} is stationary for every club D ⊆ λ.
Shelah’s club guessing principles were found to be fruitful in establishing many non-trivial ZFC results (see, for instance,
[2]). Naturally, several variations of these principles have been studied, as well. To mention two of them:
Definition 1.3 (Folklore). Suppose that κ < λ are regular cardinals, S ⊆ Eλκ is a stationary set, and
−→
C = ⟨Cδ | δ ∈ S⟩ is a
sequence such that Cδ is a club in δ for all δ ∈ S.
I
−→
C is a strong club guessing sequence iff for every club D ⊆ λ, there exists a club C ⊆ λ such that:
S ∩ C ⊆ {δ ∈ S | ∃β < δ(Cδ \ β ⊆ D)}.
I
−→
C is a tail club guessing sequence iff for every club D ⊆ λ, the following set is stationary:
{δ ∈ S | ∃β < δ(Cδ \ β ⊆ D)}.
Having the Souslin problem in mind, König et al. considered in [10] a generalization of club guessing, for the notion of
generalized club. Recall that, given cardinals κ ≤ λ, a set C is a (generalized) club in [λ]<κ := {x ⊆ λ | |x| < κ}, iff there
exists a function f : [λ]<ω → λ such that C = {x ∈ [λ]<κ | f ‘‘[x]<ω ⊆ x}.
Definition 1.4 (Strong Generalized Club Guessing, [10]). Suppose that κ ≤ λ are given cardinals, and that S is a stationary
subset of λ = cf(λ) > ω.
uprise∗(κ, S) asserts the existence of a sequence ⟨Cδ | δ ∈ S⟩ such that
1. for every δ ∈ S, Cδ is a club in [δ]<κ ;
2. for every clubD in [λ]<κ , there exists a club C ⊆ λ such that:
S ∩ C ⊆ {δ ∈ S | ∃x ∈ Cδ(x ⊆ y ∈ Cδ ⇒ y ∈ D)}.
In [10], Theorem 1.2 above has been utilized to prove:
Theorem 1.5 (König-Larson-Yoshinobu, [10]). Suppose that λ = λ<λ is a regular uncountable cardinal, and 2λ = λ+.
If uprise∗(λ, Eλ+λ ) holds, then there exists a λ-closed λ+-Souslin tree.
In this paper, we shall mostly be studying the non-strong, and the tail version of the generalized guessing principle.
Definition 1.6. Suppose that κ ≤ λ are given cardinals, and that S is a stationary subset of λ = cf(λ) > ω.
I uprise(κ, S) asserts the existence of a sequence ⟨Cδ | δ ∈ S⟩ such that:
1. for every δ ∈ S, Cδ is a club in [δ]<κ ;
2. for every clubD in [λ]<κ , the following set is stationary:
{δ ∈ S | Cδ ⊆ D}.
I uprise−(κ, S) asserts the existence of a matrix ⟨C iδ | δ ∈ S, i < |δ|⟩ such that:
1. for every δ ∈ S and i < |δ|, C iδ is cofinal in [δ]<κ ;
2. for every clubD in [λ]<κ , the following set is stationary:
{δ ∈ S | ∃i < |δ|(C iδ ⊆ D)}.
Remark. If S ⊆ λ+, then uprise∗(κ, S) entails uprise−(κ, S)whenever cf([λ]<κ ,⊆) = λ, and in particular, uprise∗(λ, S) entails uprise−(λ, S).
We shall link between generalized club guessing and the usual club guessing, and shall show that a diamond-type
principle, which we denote by ⟨T ⟩S (see Definition 2.2 below), can be derived from the generalized principles. Here is a
special case of these theorems.
Theorem 1. Suppose that S is a stationary subset of Eλ+λ for a given successor cardinal λ, and thatuprise
−(κ, S) holds for some κ ≤ λ.
Then:
1. There exists a sequence ⟨Cδ | δ ∈ S⟩ such that the following holds:
(a) Cδ is a club subset of Eδ<λ for all δ ∈ S;
(b) {δ ∈ S | Cδ ⊆ D} is stationary for every club D ⊆ λ+.
2. If 2λ = λ+, then ⟨T ⟩S holds for every stationary T ⊆ λ.
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Remark. Compare with Theorem 1.2 above.
Then we shall exemplify how even the weakest form of ⟨T ⟩S can be utilized to construct an higher Souslin tree:
Theorem 2. If λ<λ = λ is an uncountable cardinal and ⟨λ⟩Eλ+λ holds, then there exists a λ-complete λ
+-Souslin tree.
Remark. Compare with Theorem 1.1 above.
We also introduce sufficient conditions for the principles ⟨T ⟩S and ♦S , as well as uprise∗(κ, S) and ♦+S , to coincide.2 As
consequences, we get:
Theorem 3. Suppose that λ = λ<λ is a successor cardinal, and 2λ = λ+.
If uprise∗(κ, Eλ+λ ) holds for some κ ≤ λ, then at least one of the following holds:
• There exists a λ-Kurepa tree;
• There exists a λ+-Kurepa tree, and moreover, ♦+
λ+ holds.
Theorem 4. Suppose that λ is a regular uncountable cardinal, T is a stationary subset of λ, and S is a stationary subset of Eλ+λ .
If ⟨T ⟩S holds, while ♦S fails, then NSλ  T is non-saturated.
So, altogether, we see that generalized club guessing principles at λ+ can witness non-saturation at λ.
Let us remind our reader that NSλ  S is said to be non-saturatedwhenever there exists a collection of more than λmany
pairwise-nonstationary stationary subsets of S. Note that non-saturation is yet another weakening of diamond. To see this,
suppose that S ⊆ λ is stationary and ♦S holds; let ⟨Aα | α ∈ S⟩ be a ♦S-sequence. Then {{δ ∈ S | A ∩ δ = Aδ} | A ⊆ λ} is a
2λ-sized collection witnessing that NSλ  S is non-saturated.
By Shelah [13], if λ is a regular cardinal and S is a stationary subset of Eλ
+
<λ , then NSλ+  S is non-saturated, hence, we
should focus our attention on subsets of Eλ
+
λ . Probably, the main result of this paper is the introduction of the following
GCH-free sufficient condition for non-saturation at stationary subsets of Eλ
+
λ .
Theorem 5. Suppose that S is a stationary subset of Eλ+λ , for a given regular uncountable cardinal λ.
If uprise−(κ, S) holds for some cardinal κ < λ, then NSλ+  S is non-saturated.
Note that by the work of Woodin and others, it is indeed consistent, modulo large cardinals, that NSλ  S is saturated for
λ inaccessible, λ successor of singular, λ successor of regular, and some S ⊆ λ (see [5]). So, in general, GCH does not entail
uprise−(κ, S).
In [10], the authors prove that GCH does not imply uprise∗(κ, Eλ+λ ) for any ℵ0 < κ ≤ λ, and write that they do not know
whether GCH is moreover consistent with the failure of uprise∗(κ, S) for every stationary S ⊆ Eλ+λ . Here, this is established
(without appealing to large cardinals).
Theorem 6. Suppose that λ is successor cardinal in Gödel’s constructible universe, L.
Then, in some forcing extension of L, we have:
• GCH is preserved;
• the cardinal structure and cofinalities are preserved;
• uprise−(κ, Eλ+λ ) fails for every κ ≤ λ, and hence
• uprise∗(κ, S) fails for every κ ≤ λ and every stationary S ⊆ Eλ+λ .
Let us explain the value of getting the failure of uprise−(κ, Eλ+λ ) in a model that shares the cardinal structure with L.
For brevity, we assumeGCH throughout the whole paragraph. In [9, Theorem 2], Kojman and Shelah introduced a certain
club-guessing principle — let us denote it by KSλ — and demonstrated that KSλ suffices for the construction of a λ-complete
λ+-Souslin tree. In light of Theorem 1.5, let us point out that KSλ is strictly weaker than uprise∗(λ, Eλ
+
λ ).
(⇒) By the proof of Theorem 1, uprise∗(κ, Eλ+λ ) ⇒ uprise−(κ, Eλ+λ ) ⇒ KSλ. In fact, for a successor λ, we can just invoke the
statement of Theorem 1, yielding
uprise∗(κ, Eλ
+
λ )⇒ uprise−(κ, Eλ
+
λ )⇒ ⟨λ⟩Eλ+λ ⇒ KSλ, (κ ≤ λ).
(⇍) By [9, Theorem 3], the existence of a non-reflecting stationary subset of Eλ+<λ entails the validity of KSλ. As is well-
known, if the universe shares the cardinal’s structure with L, then for every uncountable cardinal λ, there exists a non-
reflecting stationary subset of Eλ
+
<λ . It now follows from Theorem 6 that uprise
−(κ, Eλ+λ ) ⇍ KSλ for all κ ≤ λ, and in particular,
uprise∗(λ, Eλ+λ ) ⇍ KSλ.
2 For ♦+S , see Definition 2.8 below.
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Terminology concerning trees
We adopt the trees terminology of [1]. A tree T = ⟨T ,≤⟩ is a partially ordered-set such that for every x ∈ T , the set
x↓ := {y ∈ T | y ≤ x& y ≠ x} is well-ordered by≤. The order-type of the set x↓ under≤ is called the height of x in T, denoted
by htT(x). If α is an ordinal, the αth level of T is the set Tα := {x ∈ T | htT(x) = α}. We let T  α := {x ∈ T | htT(x) < α},
and denote by T  α the restriction of the structure T to this set. A subset B of T is a branch if it is linearly ordered by≤ and
if x ∈ B ⇒ x↓ ⊆ B for all x ∈ T . A set A ⊆ T is an antichain if x ≰ y and y ≰ x for all distinct x, y ∈ A. The antichain A is
maximal, if A ∪ {x} is not an antichain for any x ∈ T \ A.
A tree T is said to be an (α, λ)-tree iff it is of height α and of width < λ, that is, Tα = ∅, while 0 < |Tβ | < λ for all
β < α. A branch B ⊆ T is cofinal iff B ∩ Tβ ≠ ∅ for all β < α. For a cardinal λ, a λ+-Kurepa tree is a (λ+, λ+)-tree that has
more than λ+ many cofinal branches, and a λ-Souslin tree is a (λ, λ)-tree having no antichains of size λ. A tree T = ⟨T ,≤⟩ is
µ-complete if for every≤-increasing elements of the tree ⟨xi | i < µ⟩, there exists some y ∈ T for whichi<µ(xi ≤ x).
2. Diamonds and trees
2.1. Club guessing
We commence by giving a simple demonstration of the flavor of arguments for deriving consequences from generalized
club guessing.
Theorem 2.1. Suppose that S is a stationary subset of Eλ+λ for a given regular uncountable cardinal, λ,
If uprise−(κ, S) holds for some κ ≤ λ, then there exists a sequence ⟨Cδ | δ ∈ S⟩ such that the following holds:
1. Cδ is a club subset of Eδ<λ for all δ ∈ S;
2. {δ ∈ S | Cδ ⊆ D} is stationary for every club D ⊆ λ+.
Proof. Let ⟨C iδ | i < λ, δ ∈ S⟩ witness uprise−(κ, S). Let ≼ be some well-ordering of [λ+]<κ . For all i < λ and δ ∈ S, define a
function hiδ : δ → δ by letting:
hiδ(β) := sup

min≼ {x ∈ C
i
δ | β ∈ x}

, (β < δ).
It is not hard to verify that hiδ is well-defined, and that
C iδ := {α < δ | hiδ[α] ⊆ α & α is a limit ordinal}
is a club subset of δ.
Claim 2.1.1. There exists some i < λ such that {δ ∈ S | C iδ ⊆ D} is stationary for every club D ⊆ λ+.
Proof. Suppose not. Then, for every i < λ, let us fix Di and Ei, club subsets of λ+ such that C iδ ⊈ Di for all δ ∈ S ∩ Ei. Put
D :=i<λ Di and E :=i<λ Ei. Define a function f : λ+ → λ+ by letting:
f (β) := min(D \ β + 1), (β < λ+).
PutD := {x ∈ [λ+]<κ | f [x] ⊆ x}. ThenD is a club in [λ+]<κ , so let us pick some δ ∈ S ∩ E and i < λ such that C iδ ⊆ D .
We now show that C iδ ⊆ Di, contradicting the fact that δ ∈ Ei. Suppose α ∈ C iδ . Then α is a limit ordinal, and so, to see that
α ∈ Di, it suffices to prove that for every β < α, there exists some γ ∈ Dwith β < γ < α.
Fix β < α, and let x := min{x ∈ C iδ | β ∈ x}. Then β ∈ x ∈ D , and hence f (β) ∈ x. Put γ := min(D \ β + 1). Then:
β < γ = f (β) ≤ sup(x) = hiδ(β) ∈ hiδ[α] ⊆ α.
So, γ ∈ D and β < γ < α, as desired. 
Let i < λ be given by the previous claim. For all δ ∈ S, let Cδ be some club subset of C iδ ∩ Eδ<λ. Then ⟨Cδ | δ ∈ S⟩ is as
requested. 
2.2. Reflected diamond
Definition 2.2 (Reflected Diamond). Suppose that λ is a regular uncountable cardinal, T is a stationary subset of λ, and S is
a stationary subset of Eλ
+
λ .⟨T ⟩S asserts the existence of sequences ⟨Cδ | δ ∈ S⟩ and ⟨Aδi | δ ∈ S, i < λ⟩ such that:
1. for all δ ∈ S, Cδ is a club subset of δ of order-type λ;
2. if for all δ ∈ S, {δi | i < λ} denotes the increasing enumeration of Cδ , then for every club D ⊆ λ+ and every subset
A ⊆ λ+, there exist stationarily many δ ∈ S for which:
{i ∈ T | δi+1 ∈ D & A ∩ δi+1 = Aδi+1} is stationary in λ.
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To motivate the above definition, we refer the reader to the proofs of Theorems 2.5 and 2.7 below.
Theorem 2.3. Suppose that S is a stationary subset of Eλ+λ for a given regular uncountable cardinal, λ.
If uprise(κ, S) holds for some cardinal κ < λ, and 2λ = λ+, then ⟨T ⟩S holds for every stationary T ⊆ λ.
Proof. We may assume that S ∩ λ = ∅. Let ⟨Cδ | δ ∈ S⟩ witness uprise(κ, S), and let {Xβ | β < λ+} be some enumeration of
[κ × λ+]≤λ.
Fix δ ∈ S. For all α < δ, pick xδα ∈ Cδ such that {0, α} ⊆ xδα . Define a function hδ : δ → δ by letting:
hδ(α) := sup(xδα), (α < δ).
It is not hard to verify that hδ is well-defined, and that {α < δ | hδ[α] ⊆ α} is a club in δ. Thus, pick {δi | i < λ} in such a
way that:
• {δi | i < λ} is the increasing enumeration of a set, Cδ;• Cδ is a club subset of δ, consisting of limit ordinals;• hδ[α] ⊆ α for all α ∈ Cδ .
For all i < λ, let {Bδi [j] | j < κ} be some enumeration (possibly, with repetition) of {Xβ | β ∈ xδδi}, and let
Aδi [j] := {γ < δ | (j, γ ) ∈ Bδi [j]} for all j < κ .
Claim 2.3.1. For every stationary T ⊆ λ, there exists some j < κ such that ⟨Cδ | δ ∈ S⟩ and ⟨Aδi [j] | δ ∈ S, i < λ⟩ witnesses⟨T ⟩S .
Proof. Suppose not, and let T ⊆ λ be a counterexample. It follows that for every j < κ , we may pick a club Dj ⊆ λ+, and a
subset Aj ⊆ λ+ such that for every δ ∈ Dj ∩ S:
{i ∈ T | δi+1 ∈ Dj & Aj ∩ δi+1 = Aδi+1[j]} is non-stationary.
Put D :=j<κ Dj, and A :=j<κ{j} × Aj. Define a function f : [λ+]<ω → λ+, by letting for all σ ∈ [λ+]<ω:
f (σ ) :=

0, σ = ∅
min{β < λ+ | A ∩ (κ × α) = Xβ}, σ = {α}
min(D \ sup(σ )+ 1), |σ | > 1.
PutD := {x ∈ [λ+]<κ | f ‘‘[x]<ω ⊆ x}. AsD is a club, let us pick some δ ∈ S ∩ D for which Cδ ⊆ D .
Subclaim 2.3.1.1. {δi+1 | i ∈ T } ⊆ D.
Proof. It suffices to show that sup(D∩ α) = α for all α ∈ Cδ . Fix α ∈ Cδ and β < α, and let us find some γ ∈ (D∩ α) above
β .
By α ∈ Cδ , we have hδ[α] ⊆ α, and that α is a limit ordinal. Clearly, we may assume that β > 0. By {0, β} ⊆ xδβ , we have
γ := fδ({0, β}) = min(D \ β + 1) ∈ xδβ . But γ ≤ sup(xδβ) = hδ(β) ⊆ hδ[α] ⊆ α. So γ ∈ D is above β and below α. 
Subclaim 2.3.1.2. There exists a function g : λ→ κ such that for all i < λ:
A ∩ (κ × δi) = Bδi [g(i)].
Proof. Fix i < λ. Put β∗ := min{β < λ+ | A ∩ (κ × δi) = Xβ}. Then f ({δi}) = β∗, and as δi ∈ xδδi ∈ Cδ ⊆ D , we have
β∗ ∈ xδδi . So Xβ∗ is a member of {Bδi [j] | j < κ}. 
Let g be given by the previous claim. Define h : T → κ by letting:
h(i) := g(i+ 1), (i ∈ T ).
Fix j < κ for which T ′ := h−1{j} is stationary. Then:
T ′ ⊆ {i ∈ T | δi+1 ∈ D & A ∩ (κ × δi+1) = Bδi+1[j]}.
In particular,
T ′ ⊆ {i ∈ T | δi+1 ∈ Dj & Aj ∩ δi+1 = Aδi+1[j]}.
The indirect assumption lead to a contradiction, so we are done. 
The claim completes the proof. 
Note that a complication of the preceding arguments yields the following.
Theorem 2.4. Suppose that S is a stationary subset of Eλ+λ for a given uncountable cardinal,λ, and that at least one of the following
holds:
• uprise−(κ, S) for some κ < λ;
• uprise−(λ, S), and λ is a successor cardinal.
If 2λ = λ+, then ⟨T ⟩S holds for every stationary T ⊆ λ.
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We omit the proof, but refer the reader to the proof of Theorem 3.2, for arguments of a similar flavor.
2.3. When the principles coincide
Theorem 2.5. Suppose that λ is a regular uncountable cardinal, T is a stationary subset of λ, and S is a stationary subset of Eλ+λ .
Then (1)⇒ (2)⇒ (3)⇒ (4), where:
1. ♦S ;
2. uprise(κ, S) for all κ ≤ λ, and 2λ = λ+;
3. uprise−(κ, S) for some κ < λ, and 2λ = λ+;
4. ⟨T ⟩S .
If NSλ  T is saturated, then moreover (4)⇒ (1).
Proof. (1) ⇒ (2) This is similar to the proof in [10] that ♦∗S (see Definition 2.8 below) entails uprise∗(κ, S). By ♦S , it is possible
to find a sequence ⟨fδ : [δ]<ω → δ | δ ∈ S⟩ such that for every f : [λ+]<ω → λ+, there exist stationarily many δ ∈ S for
which f  [δ]<ω = fδ . Let ⟨fδ | δ ∈ S⟩ be as above. Given κ ≤ λ, let Cδ := {x ∈ [δ]<κ | fδ ‘‘[x]<ω ⊆ x}, and simply notice that
⟨Cδ | δ ∈ S⟩witnesses uprise(κ, S).
The implication (2)⇒ (3) is trivial, and the implication (3)⇒ (4) is the content of Theorem 2.4 above.
Finally, suppose that NSλ  T is saturated and let us establish that (4) ⇒ (1). Let ⟨Cδ | δ ∈ S⟩ and ⟨Aδi | δ ∈ S, i < λ⟩
witness ⟨T ⟩S . Fix δ ∈ S. For every X ⊆ δ, let T δX := {i ∈ T | X ∩ δi+1 = Aδi+1}. Then, put:
Aδ := {X ⊆ δ | T δX is stationary}.
Clearly, if X, Y are distinct elements of Aδ , and j < λ is large enough such that X ∩ δj ≠ Y ∩ δj, then T δX ∩ T δY ⊆ j. So,
elements ofAδ may be identified with stationary subset of T , where distinct elements corresponds to sets whose pairwise
intersection is nonstationary. As NSλ  T is saturated, we conclude that |Aδ| ≤ λ.
Thus, by a famous argument of Kunen, to prove ♦S , it now suffices to establish that for every A ⊆ λ+, the following set is
stationary:
{δ ∈ S | A ∩ δ ∈ Aδ}.
Fix A ⊆ λ+ and a club D ⊆ λ+. We shall find δ ∈ D ∩ S for which A ∩ δ ∈ Aδ . Pick δ ∈ S such that:
{i ∈ T | δi+1 ∈ D & A ∩ δi+1 = Aδi+1} is stationary in λ.
In particular, δ = sup(Cδ ∩ D), and hence δ ∈ D∩ S. Let X := A∩ δ. As {i ∈ T | δi+1 ∈ D & X ∩ δi+1 = Aδi+1} is stationary,
we get that T δX is stationary, so A ∩ δ = X ∈ Aδ . 
Theorem 2.6. Suppose that S is a stationary subset of Eλ+λ , for a given successor cardinal λ.
If there exist no λ-Kurepa trees, then the following are equivalent:
1. ♦S holds;
2. uprise(κ, S) holds for all κ ≤ λ, and 2λ = λ+;
3. uprise−(κ, S) for some κ ≤ λ, and 2λ = λ+.
Proof. (3) ⇒ (1). Let ⟨C iδ | i < λ, δ ∈ S⟩ witness uprise−(λ, S). Let {Xβ | β < λ+} be some enumeration of [λ+]≤λ, and let ≼
be some well-ordering of [λ+]<κ .
For every δ ∈ S, put:
F iδ (α) :=

Xβ | β ∈ min≼ {x ∈ C
i
δ | α ∈ x}

, (i < λ, α < δ),
F iδ := {X ⊆ δ | ∀α < δ X ∩ α ∈ F iδ (α)}, (i < λ),
Aδ :=

{F iδ | i < λ}.
Thus, to establish ♦S , it now suffices to prove the next two claims.
Claim 2.6.1. |Aδ| ≤ λ for all δ ∈ S.
Proof. Fix δ ∈ S and ι < λ. We argue that |F ιδ | ≤ λ.
Let {δi | i < λ} denote the increasing enumeration of some club subset of δ. For every X ∈ F ιδ , define gX : λ → λ+ by
letting:
gX (i) := min{β < λ+ | X ∩ δi = Xβ}, (i < λ).
Clearly, ⟨{gX  j | j < λ, X ∈ F ιδ },⊆⟩ is a tree of height λ. Since there exists no λ-Kurepa tree, it now suffices to prove
that |{gX  j | X ∈ F ιδ }| ≤ |F ιδ (δj)| < λ for unboundedly many j < λ.
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Fix a limit j < λ. By definition of F ιδ (δj), there exists some y ∈ Cδ and an injection from F ιδ (δj) to y. So |F ιδ (δj)| < κ ≤ λ.
Finally, it is easy to see that the mapping
h →

{Xh(i) | i < j}
forms an injection from {gX  j | X ∈ F ιδ } to F ιδ (δj), so we are done. 
Claim 2.6.2. For every A ⊆ λ+, the following set is stationary:
{δ ∈ S | A ∩ δ ∈ Aδ}.
Proof. Fix a set A ⊆ λ+. Let f : λ+ → λ+ be the function satisfying:
f (α) := min{β < λ+ | A ∩ α = Xβ}, (α < λ+).
PutD := {x ∈ [λ+]<λ | f [x] ⊆ x}. SinceD is a club, let us fix some i < λ such that the following set is stationary:
S := {δ ∈ S | C iδ ⊆ D}.
It now suffices to prove that A∩ δ ∈ Aδ for all δ ∈ S. Fix δ ∈ S. We shall show that A∩ δ ∈ F iδ . For this, we need to show
that A ∩ α ∈ F iδ (α) for all α < δ. But this is easy; if α < δ, and x = min≼{x ∈ C iδ | α ∈ x}, then α ∈ x ∈ D and hence
f (α) ∈ f [x] ⊆ x. So, X ∩ α = Xf (α) ∈ F iδ (α). 
This completes the proof. 
2.4. Trees
The next theorem exemplifies the utility of the principle ⟨T ⟩S .
Theorem 2.7. If λ<λ = λ is an uncountable cardinal and ⟨λ⟩Eλ+λ holds, then there exists a λ-complete λ
+-Souslin tree.
Remark. This can be considered as a special case of Theorem 2 from [9].
Proof. Let ⟨Cδ | δ ∈ Eλ+λ ⟩ and ⟨Aδi | δ ∈ Eλ+λ , i < λ⟩ witness ⟨λ⟩Eλ+λ . For all δ ∈ E
λ+
λ , let {δi | i < λ} denote the increasing
enumeration of Cδ . Recall that a (δ, λ+)-tree T is said to be normal iff all of the following holds:
• |T0| = 1;• for all α < δ and x ∈ Tα , there are distinct y, z ∈ Tα+1 with x ∈ y↓ ∩ z↓, provided that α + 1 < δ;• for all α < β < δ and x ∈ Tα , there exists some y ∈ Tβ with x ≤ y;• for all limit α < δ, the mapping x → x↓ is injective over Tα . In other words, the elements of Tα are unique limits.
So, we build a λ-complete λ+-Souslin tree, T, by recursion on the levels, in such a way that T  δ is a normal (δ, λ+)-tree.
The elements of Twill be the ordinals in λ+, and we shall ensure that
α <T β → α < β.
I Set T0 := {∅}.
I If T  δ + 1 is defined for an ordinal δ < λ+, Tδ+1 is obtained by using new ordinals from λ+ to provide each element
of Tδ with two successors in Tδ+1.
I If T  δ is defined for an ordinal δ ∈ Eλ+<λ , Tδ is obtained by using new ordinals from λ+ to provide a unique extension
in Tδ to each cofinal branch in T  δ.
Since |Tδ|cf(δ) ≤ λ<λ = λ, the resulting T  δ + 1 is indeed a normal (δ + 1, λ+)-tree.
I Suppose that T  δ is defined for an ordinal δ ∈ Eλ+λ . Fix x ∈ T  δ. We now define an increasing sequence−→xδ = ⟨xδ(i) | i < λ⟩, by induction on i < λ, in such a way that for all i < λ, eitherj≤i xδ(j) = x, or htTδ(xδ(i)) = δi.
Base case: Let xδ(0) := x.
Successor step: Suppose that ⟨xδ(j) | j ≤ i⟩ is defined for an ordinal i < λ. If htTδ(x) ≥ δi, let xδ(i+1) := x. Now, suppose
ht(x)Tδ < δi. Let:
axδ(i) := {y ∈ Tδi+1 | xδ(i) <Tδ y},
bxδ(i) := {y ∈ axδ(i) | ∃z ∈ Aδi+1(z < y)}.
Clearly, axδ(i) is non-empty. If b
x
δ(i) ≠ ∅, let xδ(i+ 1) := min(bxδ(i)), otherwise, let xδ(i+ 1) := min(axδ(i)).
Limit case: Suppose that ⟨xδ(j) | j < i⟩ is defined for a limit ordinal i < λ. If ⟨xδ(j) | j < i⟩ is a constant sequence, let
xδ(i) := x. Otherwise, sup{ht(xδ(j)) | j < i} = δi and δi ∈ Eλ+<λ , so let xδ(i) be the unique element of Tδi that extends the
branch
{xδ(j)↓ | j < i}.
Once the construction of the sequence−→xδ is over, let:
Bxδ :=

{xδ(j)↓ | j < λ}.
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Finally, Tδ is obtained by using new ordinals from λ+ to provide a unique extension in Tδ toBxδ for each x ∈ T  δ. Since|T  δ| ≤ λ, we get that T  δ + 1 is indeed a normal (δ + 1, λ+)-tree.
This completes the construction of the normal (λ+, λ+)-tree, T. Thus, we are left with establishing the following.
Claim 2.7.1. T has no antichains of size λ+.
Proof. Suppose not, and let A ⊆ λ+ denote a maximal antichain of size λ+. Put
D := {δ < λ+ | T  δ ⊆ δ & A ∩ δ is a maximal antichain of T  δ}.
Since D is a club, let us pick some δ ∈ Eλ+λ such that:
H := {i < λ | δi+1 ∈ D & A ∩ δi+1 = Aδi+1} is stationary in λ.
Since |A| = λ+, let us pick some a ∈ A with htT(a) > δ. Let b be the unique element of Tδ ∩ a↓. Since δ ∈ Eλ+λ , the
definition of Tδ entails that there exists some x ∈ T  δ such that b is the extension ofBxδ . Fix a large enough i ∈ H such that
htT(x) < δi. As A ∩ δi+1 = Aδi+1 is a maximal antichain of T  δi+1, we get that bxδ(i) is non-empty. Hence, by definition of
xδ(i), we may pick some z ∈ A ∩ δi+1 such that z <T xδ(i). So
z <T xδ(i) <T b <T a,
a contradiction to the fact that z and a are elements of the antichain, A. 
This completes the proof. 
Definition 2.8 (Jensen). Suppose S is a stationary subset of a given regular uncountable cardinal λ, and that
−→
A = ⟨Aδ | δ ∈
S⟩ is a sequence such that |Aδ| ≤ λ for all δ ∈ S.
I
−→
A witnesses ♦∗S if for every A ⊆ λ, there exists a club C ⊆ λ such that:
C ∩ S ⊆ {δ ∈ S | A ∩ δ ∈ Aδ}.
I
−→
A witnesses ♦+S if for every A ⊆ λ, there exists a club C ⊆ λ such that:
C ∩ S ⊆ {δ ∈ S | {C ∩ δ, A ∩ δ} ⊆ Aδ}.
By Jensen and Solovay, for every successor cardinal, λ, ♦+λ entails the existence of a λ-Kurepa tree (see [11, II.ğ5]).
Consequently:
Theorem 2.9. Suppose that λ = λ<λ is a successor cardinal, and 2λ = λ+.
If uprise∗(κ, Eλ+λ ) holds for some κ ≤ λ, then at least one of the following holds:
• There exists a λ-Kurepa tree;
• There exists a λ+-Kurepa tree, and moreover, ♦+
λ+ holds.
Proof. Suppose uprise∗(κ, Eλ+λ ) holds for some κ ≤ λ, and that there exist no λ-Kurepa trees. By λ<κ = λ and 2λ = λ+, the
proof of Theorem 2.6 yields that ♦∗
Eλ
+
λ
holds. By a theorem of Gregory from [6], λ<λ < λ+ = 2λ entails ♦∗
Eλ
+
<λ
. So, altogether,
♦∗
λ+ holds.
Let ⟨Aδ | δ < λ+⟩witness ♦∗λ+ . For all δ < λ+, put:
Bδ := Aδ ∪

C | C ∈ [Aδ]≤ω

.
It now suffices to prove the next claim.
Claim 2.9.1. ⟨Bδ | δ < λ+⟩ witnesses ♦+λ+ .
Proof. By λω = λ, we have |Bδ| ≤ λ for all δ < λ. Now, suppose A is a given subset of λ+. Pick a club C0 ⊆ λ+ such that
A ∩ δ ∈ Aδ for all δ ∈ C0. Suppose n < ω and that Cn is defined; pick a club Cn+1 ⊆ λ+ such that Cn ∩ δ ∈ Aδ for all
δ ∈ Cn+1. Put C := n<ω Cn. Then A ∩ δ ∈ Aδ and {Cn ∩ δ | n < ω} ∈ [Aδ]≤ω for all δ ∈ C . In particular, A ∩ δ ∈ Bδ , and
C ∩ δ ={Cn ∩ δ | n < ω} ∈ Bδ , for all δ ∈ C . So, we are done.  
Remark. The preceding proof shows that ♦∗S is equivalent to ♦
+
S , for all stationary S ⊆ λ+ with λℵ0 = λ.
3. Non-trivial consequences of guessing
3.1. The failure of uniformization
Definition 3.1 (Shelah, See [4]). A set S of limit ordinals is said to have the κ-uniformization property iff there exists a
sequence ⟨Aδ | δ ∈ S⟩ such that:
1. Aδ is a cofinal subset of δ for all δ ∈ S;
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2. for any sequence of functions ⟨fδ : Aδ → κ | δ ∈ S⟩, there exists some function f : δ∈S Aδ → κ such that for every
δ ∈ S:
sup{α ∈ Aδ | fδ(α) ≠ f (α)} < δ.
The uniformization property is an anti-diamond principle, and indeed, the canonical models for the failure of diamond at
successors of regulars, are, in fact, models of the uniformization property. In [10], König et al. established the consistency of
GCHwith the failure of uprise∗(κ, Eλ+λ ) for all uncountable κ ≤ λ. They wrote that they do not know whether GCH is consistent
with the failure of uprise∗(κ, S) for every stationary S ⊆ Eλ+λ , but conjectured that the forcing techniques of [8], that yields the
consistency of GCHwith the 2-uniformization property for Eℵ2ℵ1 , can be applied to achieve this.
Motivated by this question, we were hoping to supply an affirmative answer by moreover establishing the consistency
of GCHwith the failure of the weakest among these principles, uprise−(κ, Eλ+λ ).3
For a while, we were trying to attack this problem by contrasting Theorem 2.1 with the techniques of [14], but this was
not fully successful. So we went back and reconsidered the uniformization property. It is easy to see that if uprise(κ, S) holds,
then S fails to have the κ-uniformization property, but deriving the failure of the 2-uniformization property seems harder.
Fortunately, the next finding served as the key to that door.
Theorem 3.2. Suppose that S is a stationary subset of Eλ+λ for a given regular uncountable cardinal, λ, 2
λ = λ+, and that at least
one of the following holds:
• uprise−(κ, S) for some κ < λ;
• uprise−(λ, S), and λ is a successor cardinal.
If ⟨Aδ | δ ∈ S⟩ is a sequence such that for all δ ∈ S, Aδ is a cofinal subset of δ, then there exists a sequence ⟨fδ : Aδ → δ | δ ∈ S⟩
such that for every function f : λ+ → λ+, the following set is stationary:
{δ ∈ S | sup{α ∈ Aδ | fδ(α) = f (α)} = δ}.
Proof. If uprise−(κ, S) holds for some cardinal κ < λ, let ⟨C iδ | i < λ, δ ∈ S⟩ witness that. Otherwise, λ is a successor cardinal
and uprise−(λ, S) holds. In this case, let κ be the cardinal such that λ = κ+, and let ⟨C iδ | i < λ, δ ∈ S⟩witness uprise−(λ, S).
In either case, κ is a well-defined cardinal< λ, and C iδ ⊆ [δ]≤κ for all (i, δ) ∈ λ× S.
Next, suppose that a sequence ⟨Aδ | δ ∈ S⟩ as above is given. We shall derive the existence of a sequence ⟨fδ : Aδ → δ |
δ ∈ S⟩with the required guessing property.
Let ≼ be some well-ordering of [λ+]≤κ . Fix a bijection ψ : λ×κλ+ ↔ λ+. For all (i, j) ∈ λ × κ , define a function
ψi,j : λ+ → λ+ by letting:
ψi,j(α) := ψ−1(α)(i, j), (α < λ+).
Fix δ ∈ S. For all α < δ, pick a function ϕαδ : λ× κ → δ satisfying:
ϕαδ [{i} × κ] = min≼ {x ∈ C
i
δ | α ∈ x}, (i < λ).
Finally, for all (i, j) ∈ λ× κ , define f i,jδ : Aδ → δ by letting for all α ∈ Aδ:
f i,jδ (α) :=

0, ψi,j(ϕαδ (i, j)) ≥ δ
ψi,j(ϕ
α
δ (i, j)), otherwise.
Claim 3.2.1. There exists (i, j) ∈ λ× κ such that ⟨f i,jδ | δ ∈ S⟩ has the required properties.
Proof. Suppose not. So, for every (i, j) ∈ λ× κ , let us pick a function fi,j : λ+ → λ+ and a club Di,j ⊆ λ+ such that:
Di,j ∩ {δ ∈ S | sup{α ∈ Aδ | f i,jδ (α) = fi,j(α)} = δ} = ∅.
For all α < λ+, let gα : λ× κ → λ+ be the function satisfying gα(i, j) = fi,j(α) for all (i, j) ∈ λ× κ . Define f : λ+ → λ+
by letting f (α) := ψ(gα) for all α < λ+. Put D := (i,j)∈λ×κ{δ ∈ Di,j | fi,j[δ] ⊆ δ} and D := {x ∈ [λ+]<λ | f [x] ⊆ x}.
Then D is a club in λ+, and D is a club in [λ+]<λ. Thus, let us pick some δ ∈ S ∩ D and i < λ such that C iδ ⊆ D . Then
α ∈ ϕαδ [{i} × κ] ∈ D for all α ∈ Aδ , and hence f (α) ∈ ϕαδ [{i} × κ] for all α ∈ Aδ . Define h : Aδ → κ by letting:
h(α) := min{j < κ | f (α) = ϕαδ (i, j)}, (α ∈ Aδ).
3 Note that under GCH, uprise∗(κ, S) entails uprise−(κ, S) for every κ ≤ λ.
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Since |δ| = cf(λ) > κ , let us pick some j < κ such that h−1{j} is a cofinal subset of Aδ . So:
sup{α ∈ Aδ | f (α) = ϕαδ (i, j)} = δ,
and in particular sup(Bδ) = δ, where
Bδ := {α ∈ Aδ | ψi,j(ϕαδ (i, j)) = ψi,j(f (α))}.
Since δ ∈ D, we get that fi,j[δ] ⊆ δ, and hence, for all α ∈ Bδ:
f i,jδ (α) = ψi,j(ϕαδ (i, j)) = ψi,j(f (α)) = ψ−1(f (α))(i, j) = gα(i, j) = fi,j(α),
so, sup{α ∈ Aδ | f i,jδ (α) = fi,j(α)} = δ, contradicting the fact that δ ∈ Di,j. 
This completes the proof. 
Back to the question that was left open in [10], we conclude:
Corollary 3.3. Suppose that λ is a successor cardinal in L.
Then, in some forcing extension of L, we have:
• GCH is preserved;
• the cardinal structure and cofinalities are preserved;
• uprise−(κ, Eλ+λ ) fails for every κ ≤ λ, and hence:
• uprise∗(κ, S) fails for every κ ≤ λ and every stationary S ⊆ Eλ+λ .
Proof. Work in L. By the technique of [8], there exists a forcing notion that preserves cofinalities and the GCH, such that in
the generic extension, Eλ
+
λ has the 2-uniformization property. More specifically, there exists a sequence ⟨Aδ | δ ∈ Eλ+λ ⟩ such
that:
• for every δ ∈ Eλ+λ , Aδ is a cofinal subset of δ, with otp(δ) = λ;
• in the generic extension, for every sequence of functions ⟨gδ : Aδ → 2 | δ ∈ Eλ+λ ⟩, there exists some function f : λ+ → 2
such that sup{α ∈ Aδ | gδ(α) ≠ f (α)} < δ for all δ ∈ Eλ+λ .
Now, work in this generic extension and assume indirectly that κ ≤ λ is a cardinal for which uprise−(κ, Eλ+λ ) holds. By GCH,
we may appeal to Theorem 3.2 to obtain a sequence of functions ⟨fδ : Aδ → δ | δ ∈ Eλ+λ ⟩ such that for every function
f : λ+ → λ+, the following set is stationary:
{δ ∈ S | sup{α ∈ Aδ | fδ(α) = f (α)} = δ}.
Now, for all δ ∈ Eλ+λ , define gδ : Aδ → 2 by letting for every α ∈ Aδ:
gδ(α) :=

0, fδ(α) = 1
1, otherwise.
By the 2-uniformization property, let us fix a function f : λ+ → 2 such that sup{α ∈ Aδ | gδ(α) ≠ f (α)} < δ for all
δ ∈ Eλ+λ . By the choice of ⟨fδ | δ ∈ Eλ+λ ⟩, we may pick some δ∗ ∈ Eλ+λ such that sup{β ∈ Aδ∗ | fδ∗(β) = f (β)} = δ∗. In
particular, we have:
δ∗ ∉ {δ ∈ Eλ+λ | sup{β ∈ Aδ | gδ(β) ≠ f (β)} < δ}.
This is a contradiction. 
3.2. Non-saturation
We commence with a simple corollary to a result of a previous section, and then turn to the main result of this paper.
Theorem 3.4. Suppose that λ is a regular uncountable cardinal, T is a stationary subset of λ, and S is a stationary subset of Eλ+λ .
If ⟨T ⟩S holds, while ♦S fails, then NSλ  T is non-saturated.
Proof. By Theorem 2.5 above. 
Theorem 3.5. Suppose that S is a stationary subset of Eλ+λ , for a given regular uncountable cardinal λ.
If uprise−(κ, S) holds for some cardinal κ < λ, then NSλ+  S is non-saturated.
Proof. We extend the arguments of [3] to apply to stationary subsets of Eλ+λ . Let ⟨C iδ | i < λ, δ ∈ S⟩ exemplify uprise−(κ, S).
For all δ ∈ S, fix a function hδ : λ× δ → [δ]<κ satisfying j ∈ hδ(i, j) ∈ C iδ for all j < δ and i < λ. Put µ := λ+. For functions
f , g ∈ µµ, denote by f <∗ g the statement that sup {j < µ | f (j) ≥ g(j)} < µ. Let ⟨fα | α < µ+⟩ be a sequence of functions
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in µµ, which is increasing with respect to<∗. For all δ ∈ S and α < µ+, define a function f δα : λ× δ → δ ∪ {µ} as follows:
f δα (i, j) := min((hδ(i, j) ∪ {µ}) \ fα(j)), (i < λ, j < δ).
Notice that if fα(j) ≤ fβ(j), then f δα (i, j) ≤ f δβ (i, j).
For all α < β < µ+ and i < λ, consider the set:
S iα,β := {δ ∈ S | sup{j < δ | f δα (i, j) = f δβ (i, j)} < δ}.
Claim 3.5.1. For every α < β < γ < µ+ and i < λ, there exists some ε < λ+ such that the two holds:
(1) S iα,β \ ε ⊆ S iα,γ ;
(2) S iβ,γ \ ε ⊆ S iα,γ .
Proof. Fix α < β < γ < µ+. By the choice of the sequence ⟨fα | α < µ+⟩, let us pick some ε < µ such that fα(j) <
fβ(j) < fγ (j)whenever ε ≤ j < µ. Fix also i < λ.
(1) Suppose δ ∈ S iα,β \ ε. Put A := {j < δ | f δα (i, j) = f δβ (i, j)} ∪ ε. Then A is a bounded subset of δ. Fix j ∈ δ \ A.
Then fα(j) < fβ(j) < fγ (j) and f δα (i, j) < f
δ
β (i, j). In particular, f
δ
α (i, j) < f
δ
β (i, j) ≤ f δγ (i, j). It follows that {j < δ | f δα (i, j) =
f δγ (i, j)} ⊆ A, and hence δ ∈ S iα,γ .
(2) Suppose δ ∈ S iβ,γ \ ε. Put A := {j < δ | f δβ (i, j) = f δγ (i, j)} ∪ ε. Then A is a bounded subset of δ. Fix j ∈ δ \ A. Then
fα(j) < fβ(j) < fγ (j) and f δβ (i, j) < f
δ
γ (i, j). In particular, f
δ
α (j) ≤ f δβ (j) < f δγ (j). It follows that {j < δ | f δα (i, j) = f δγ (i, j)} ⊆ A,
and hence δ ∈ S iα,γ . 
Claim 3.5.2. There exists a function g : µ+ → λ such that Sg(α)α,β is stationary for every α < β < µ+.
Proof. Fix α < µ+. We would like to define g(α). By Claim 3.5.1(1), if i < λ is such that S iα,α+1 is stationary, then S
i
α,β is
stationary for all β > α. Thus, let us argue the existence of some i < λ such that S iα,α+1 is stationary.
Put j∗ := sup {j < µ | fα(j) ≥ fα+1(j)} + 1. Next, define a function f : [λ+]<ω → λ+ as follows:
f (σ ) =

0, σ = ∅
fα(min(σ )), |σ | = 1,
fα+1(min(σ )), otherwise
(σ ∈ [λ+]<ω).
Put D := {x ∈ [λ+]<κ | f ‘‘[x]<ω ⊆ x}. Then D is a club in [λ+]<κ , and hence there exists some i < λ such
that {δ ∈ S | C iδ ⊆ D} is stationary. Fix such i < λ, and let us show that T ⊆ S iα,α+1, for the stationary set T :=
{δ ∈ S \ j∗ | C iδ ⊆ D}.
Fix δ ∈ T . For j < δ, we have j ∈ hδ(i, j) ∈ C ij ⊆ D , and hence fα(j) = f ({j}) ∈ hδ(i, j). Likewise, fα+1(j) ∈ hδ(i, j) for all
j < δ.
So f δα (i, j) = fα(j) < fα+1(j) = f δα+1(i, j) for all j ∈ δ \ j∗, testifying that δ ∈ S iα,α+1. 
Let g be given by the previous claim. Fix an ordinal i∗ < λ such that g−1{i∗} is cofinal inµ+. By thinning out the sequence
⟨fα | α < µ+⟩, we may assume without loss of generality that g(α) = i∗ for all α < µ+.
For a set S ′ ⊆ S, let [S ′] denote its equivalence class in P (S)/NSλ+  S. By Claim 3.5.1, ⟨[S i∗α,β ] | α < β < µ+⟩ is weakly
increasing for all α < µ+, and ⟨[S i∗β,γ ] | β < γ ⟩ is weakly decreasing for all γ < µ+.
Assume now that NSλ+  S is saturated. Then, for all α < µ+, the sequence ⟨[S i∗α,β ] | α < β < µ+⟩ is eventually constant,
thus for all α < µ+, let us pick a large enough α∗ < µ+, for which the sequence ⟨[S i∗α,β ] | α∗ < β < µ+⟩ is constant. Now,
if α < β < µ+, and γ > max{α∗, β∗}, then [S i∗β,β∗ ] = [S i∗β,γ ] ≤ [S i∗α,γ ] = [S iα,α∗ ], and hence the sequence ⟨[S i∗β,β∗ ] | β < µ+⟩
is weakly decreasing and so eventually constant. Pick a large enough γ < µ+ at which this sequence is constant. By the
choice of i∗, S i∗γ ,γ ∗ is stationary, so let us fix a cardinal θ < κ such that the following set is stationary:
S∗ := {δ ∈ S i∗γ ,γ ∗ | sup{j < δ | |hδ(i∗, j)| = θ} = δ}.
Recursively define an increasing function g : θ+ → µ+ by letting g(0) := γ + 1 and g(ς) := sup{g(ι)∗ | ι < ς} + 1 for
all ς < θ+.
Notice that if ι < ς < θ+, then [S i∗g(ι),g(ς)] = [S i∗g(ι),g(ι)∗ ] = [S i∗γ ,γ ∗ ], and we may find a club Cι,ς such that S i∗g(ι),g(ς) ∩ Cι,ς =
S i
∗
γ ,γ ∗ ∩ Cι,ς .
Let C :=Cι,ς | ι < ς < θ+, then we have:
S i
∗
g(ι),g(ς) ∩ C = S i
∗
γ ,γ ∗ ∩ C, (ι < ς < θ+).
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In particular:
S i
∗
g(ι),g(ς) ⊇ S∗ ∩ C, (ι < ς < θ+). (1)
Put j∗ := sup j < µ | ι < ς < θ+ =⇒ fg(ι)(j) ≥ fg(ς)(j) + 1, and pick δ ∈ S∗ ∩ C above j∗. Let L := {j ∈ δ \ j∗ |
|hδ(i∗, j)| = θ}. Then sup(L) = δ, and for all j ∈ L, the sequence ⟨fg(ι)(j) | ι < λ⟩ is strictly increasing. Hence, for all j ∈ L,
⟨f δg(ι)(i∗, j) | ι < θ+⟩ is a weakly increasing sequence of elements of hδ(i∗, j), and as |hδ(i∗, j)| = θ < θ+, the sequence is
eventually constant. Thus, for every j ∈ L, let us pick a large enough ι(j) < θ+ at which this sequence is constant.
As |δ| = cf(λ) > κ ≥ θ+, let A be a cofinal subset of L and let ι∗ < θ+ be such that ι(j) = ι∗ for all j ∈ A. Finally, fix
ι < ς < θ+ with ι > ι∗.
Since ι∗ < ι < ς , we get that f δg(ι)  ({i∗} × A) = f δg(ς)  ({i∗} × A), while, by δ ∈ S∗ ∩ C and (1) above, we get that
δ ∈ S i∗g(ι),g(ς), that is, sup{j < δ | f δg(ι)(i∗, j) = f δg(ς)(i∗, j)} < δ. This is a contradiction. 
4. Open problems
Question 1. Is it consistent with GCH that for some regular uncountable cardinal, λ, ⟨T ⟩Eλ+λ fails for all stationary T ⊆ λ?
Note that by Theorem 2.7, a negative answer would have yielded that GCH implies the existence of an ω2-Souslin tree.
But we expect a positive answer, and have already obtained a few results in this direction. For instance, the following two
are consistent:
• GCH, and for some stationary S ⊆ Eω2ω1 for which (Eω2ω1 \ S) is stationary as well, ⟨T ⟩S fails for all stationary T ⊆ ω1;• GCH, and for some stationary T ⊆ ω1 for which (ω1 \ T ) is stationary as well, ⟨T ⟩Eω2ω1 fails.
On another front, Alex Primavesi considered a generalization for stationary sets of the tail club guessing principle
(Definition 1.3), and asked about its consistency.
Definition (Primavesi). For a regular cardinalλ and a stationary T ⊆ λ, StatT asserts the existence of a sequence ⟨Aδ | δ ∈ T ⟩
such that:
• Aδ ⊆ δ and sup(Aδ) = δ for every limit δ ∈ T ;
• for every stationary S ⊆ T , {δ ∈ S | ∃β < δ(Aδ \ β ⊆ S)} is stationary.
We have noticed that if λ > ω1, then StatT fails for every stationary T ⊆ λ. Thus, the remaining question is as follows.
Question 2. Is it consistent that StatT holds for some stationary T ⊆ ω1?
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